A GENERAL CLASS OF LINEAR TRANSFORMATIONS
OF WIENER INTEGRALS(*?)

BY
D. A. WOODWARD

Introduction. Let C be the space of continuous functions x(f), 0=t=1,
where x(0) =0. We consider one to one linear transformations of C onto C of
the form

1
0.1) y) =50 + [ L, as(5).

N. Wiener [4] has given an integral on C. We obtain the transformation form-
ula for this integral under transformations of type (0.1). The transformations
of type (0.1) which we consider contain as a special case the transformations
‘considered by Cameron and Martin [1].

Let I be the interval [0, 1] and I? the square I ®I. If xEC, we define

llsll] = max EOIR
If K(¢, s) is bounded and measurable on I2 and K(¢, ¢) is measurable on I, we
denote the Fredholm determinant of K(¢, s) evaluated at A= —1 by
K(Sl, Sl) . K(Sl, Sn)

(0.2) D) =1+ Z f fo . dsy - - dsn.

n=]l n .
K(Sn, 51) v+ K(s, Sn)

We say that M(¢, s) is of bounded variation (B.V.) on I? if there exists
(o, so) ©I? such that M(t, s) and M(t, so) are of B.V. on I and

var M(4, s) < «.

(1,9)en?
Here
var M(t, s)
(0.3) (t,8)en?
— sup ,ZME Z% | Mty 5) — Mty 5i2) + Mtis, 531) — M(iry 59) |,
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where the supremum is taken over all partitions 054 < - - - <t <1 and
0Zs50< -+ - Ssu=1 of I. The following theorem is the main result of this

paper.

THEOREM A. Let L(¢, s) satisfy the following conditions

(0.4) L(0, s)=0, s&1.

(0.5) L(¢, s) is absolutely continuous in t on I for each s€I and there exist
M(t, s) and J(t) such that

d —
(0.6) — L, s) = M(, s)
ot
for almost all t on I for all s&I, where
MG, s), 05t<s=1,
— 1
(0.7) M, s) = M(t,S)+—2—J(t), 0st=s=1,
M, s) +T(@), 0Ss<t=s1,
and where
(0.8) M(t, s) is of B.V. on I* and J (1) is of B.V. on I. Also
(0.9) D(M) # 0.

Then the transformation (0.1) carries C onto C in a one to one manner and if
F(y) is a measurable functional such that either side of the following equation
exists, both sides exist and are equal.

010 [Foyy = | pAD| [FaC) + f L(,9)dx(s)) exp{ — ()} dus

Y(x) = fo 1 I: fo 1ﬂ(t, s)dx(s)] 2dt+ 2 j:’ 1 fo 1M (t, s)dx(s)dx(t)

(0.11) -I—f J(#)d(x(2))2.

where

= flf I{H(t, S) + H(S, t) + f lH(t, M)H(S, u)d'u.} dx(s)dx(t).

We prove Theorem A by starting with Theorem B, a theorem of Cameron
and Martin [1], which appears below in a slightly weaker form. From Theo-
rem B we develop Theorem C to obtain Theorem A.

THEOREM B. Let H(t, s) be measurable on I? and
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(0.12) var H(,s) < B < =
ter
independent of s. Assume also that
(0.13) J(t) is continuous and of B.V. on I,
(0.14) H(¢, s) is continuous in s on I for every t&I, and
(0.15) D(K)#0 where

t
[f H(u, s)du, 0st<s=1,
0
¢ 1
(0.16) K(,s) = f B, 0du +—-J0), 0st=s<1,
0
t
f Hu, s)du + J(s), 0<s<tsl.
0

Then if F(y) is a measurable functional such that either side of the following
equation exists, both sides exist and are equal.

[ roas = o] [ e+ [ 1 / * B, s)dus(s)ds

¢

(0.17) o
+ f J(s)x(s)ds) exp{ —&(x)} do
0
where
&(x) = f l{f lH(t, s)x(s)ds + J(t)x(t)} 2dt
(0.18) ° e

+2 fo l fo "B, $)2(s)dsda() + j; FOdE0)".

THEOREM C. Let M(¢, s) and J(t) satisfy (0.7)-(0.9), let M(t, s) be con-
tinuous in s on I for each tE I, and let

(0.19) J) = M@¢, 1) = M1, ) = 0, t&c 1.
Let € > 0 and define

1 s+e

(0.20) Mt s) = —f M(t, v)do, @t 5) € I3,
€ J

where M(t, v) =0 for v>1;
1 t+e

(0.21) Je(@t) = —f J(u)du, tC 1,
€ J

where J(u) =0 for u>1; and
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M<,s), 0st<ss1],

1
(0.22) (MY*(t, s) = {M(t,s) + 7]'(t), 0ss=t=21,
Me(t, s) + J<(), 0ss<t=s1l

Then there exists 6> 0 such that if 0 <e <8 and F(y) is a measurable functional
such that either side of the following equation exists, both sides exist and are equal.

[ roraes = 1Dy [ Tr (s + [ f 092, i)
(0.23) ~exp{— j; l[ fo l(M‘)*(t, s)dx(s)] 2dt
- Zfolj;lM‘(t, 5)dx(s)dx(t) —j;lf‘(t)d(x(t))Q}dwx.

1. In this section we give some lemmas used in the proof of Theorem C.

LEMMA 1. Let N(t, s) be measurable on I* and N(t, t) be measurable on I
for all €>0. Let N.(t, s) be bounded on I* independent of €>0. Let

lim N, s) = N(¢, s)
«—0t

almost everywhere on I* and

lim N, ¢) = N(, 1)
0t

almost everywhere on I. Then
1.1) lim D(N.) = D(N).
«—0t
Proof. Let 7>0 be given. By application of Hadamard’s lemma [3], it
follows that there exists an integer K such that

N(s1, 51) - - - Ne(s1, 8n)
D(Ne)—zon'f f dslo--ds,.<—;-

" Ne(sny 51) + =+ Ne(Sny $n)
independent of ¢>0 and

N(s1, s1) * * + N(s1, $n)

D) — f f : : dsy - - - dsa| < — -
n-O n! . . 3

N(sny 51) + + * N(sny su)

It follows immediately from the hypothesis and bounded convergence that
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N;(Sl, 51) e Ne(sl, 31»)

K 1 1
lim ), — . . ds, - - - ds,
0t o nldy o | : :
Ne(sny 51) - = » Ne(sn, 5n)
K | prt 1 ].V(sl’ s) ZY(S;, s»)

=) — . . dsy - - - dsn.
S A 0 . .
N($ay s1) * * * N(Sn, Sn)

Therefore there exists §>0 such that 0 <e <8 implies
| D(N) — D(V)| <.

This implies (1.1).
The following result was communicated to the author by R. H. Cameron.

LEMMA 2. Let N(¢, s) be bounded and measurable on I®. Then

1.2) D(fotN(u, s)ds) = D(f.lN(t, v)dv).

Proof. A typical term from the expansion of a determinant in the expan-
sion (0.2) of D(fyN(u, s)du) can be written

8m+1

1 1 m 8
f s f dsy - - - dsa [ N(u;, s;)du; N(%my1y Smt2)Qthmsr
0 0

i=1v 0 0

8n—1

N(thp—1, $2)8%n—1 f N(tny Smr1)dtn
0

0

1 1 m 1 1
=f e f du, - - - du, H N (u;, si)ds;f N(u,., Sm41)ASmy1
0 0

f=1 u; Um+1

1 1
. f N(tms1y Smi2)@Smyz -+ f N (thn—1, $n)dsn
Un

1.3) 1 1 "':"'“ 1 1
= [ s an L[ Weswado [ N, tmddonss
0 0 =1V g 1

1 1
. f N(Smt1, Umt2)@Umis + * * f N(sn-1, vn)dv,

Em+2

1 1 m
=f"'fd$1"'d5nH
0 0 tm=]

1 1
s f N(Sn_l, vn)dvnf N(Sn, v,,.+1)dv,,.+1

Sm+1

1 1
N (S.‘, v.—)dv; f N (Sm+1, ‘Um+2)d‘vm+2

L 2m+2

by use of the Fubini theorem, a change of dummy variables, and a change in
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the order of multiplication. The extreme right hand member of (1.3) is the
same corresponding term in the expansion of

D( f lN(t, v)dv)

as the extreme left hand member of (1.3) is in the expansion of
t
D(f N(u, s)du).
0
This establishes (1.2).

LEMMA 3. Let M(t, s) be bounded and measurable on I* and let J(t) be
bounded and measurable on I. Let J«(t), M<(t, s), and (M) *(t, s) be defined as
in (0.20), (0.21) and (0.22) and

tq
—f — [M(u,s + € — M(u,s)]du, 0=5t<s=1,
0 €
tq 1
(1.4) K.(,5) = <-f —[Mu,s + ¢ — M(u, s)]du+-§-J‘(s), 0<t=s=<1,
0 €
tq
-f —[M@u,s + ¢ — M(u,s)]du+J(s), 0Ss<t=1.
0 €

Then for all >0,

(1.5) D(K.) = D(Me*.
Proof. Let
1
N(t,s)=-—[M(t,s+e)—M(t,s)], 7> 0,
€
0, %S — yh
! (u+ ) A sSus0
— (% T ), — NS U=S
4"1('“) = 7? ’
1
—— (» — ), 0su=n,
,'12
0 : % Ny
and

Ny(tys) = = N, 8) + é4(t — 5)T(s).

Then the following two equations hold insofar as their right hand sides are
defined.
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0, 1<t+n<s<1,
t t 1
fN,(u,s)du=—fN(u,s)du-i—]‘(s)-—z—: n<t=s5<1,
0 0
1, W <s+9<t<],
and
1 1
fN,(t, wydu = —f N(t, u)du
(0, 0<t<s—9<1—y,
t+n
f —z(t—-u+n)J‘(u)du, 0<t=s5s<1-—ny,
t 7

t+n t 1
[ Se-wtmr@an— [ < 6-u=nream,
¢ 7 = 7

0<s<t—9<1 =2
Since Je(¢) is continuous on I, we have

0, 0<t<s<1,

t t 1
lim N, (%, s)du = —f N(u,s)dy + Je(s){—> 0<s=1t<1,

(1 6) n—0* J o 0 2
) 1, 0<s<t<1,

= K., s)
and

0, 0<t<2<1,

1

1 1
1.7 lim N, w)du = —f N, u)ydu + J<(t) 5’ 0<t=s<1,
n—0* s

1, 0<s<t<l.

Since N,(¢, s) is bounded and measurable on I? for every 7>0, we use Lemma
2 to obtain

(1.8) D( j; N, s)du) = D( f VLG, v)dv).

Since
1
lim N,(¢, v)dy
7—0% s

exists almost everywhere on I2,
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1
lim N,(t, v)dv
0% J ¢

exists almost everywhere on I,

1
f N,(@, v)dv

is measurable on I? by the Fubini theorem in three dimensions,

1
f N,(, v)dv
t

is measurable on I by the Fubini theorem, and

f lN.,(t, v)dvy

is bounded independent of #>0, we can use Lemma 1 to obtain

(1.9) lim D( f lN,,(t, v)dv) = D( Jim f lN,,(t, v)dv).

Similarly,

t t
(1.10) lim D(f N,(u, s)du) = D( lim f N,(u, s)du).
n—0* 0 =0t J o

Since

- f N, vy = — f "L 0+ 9 — MG, 9o

L | 11
= — — M, v)dv + — M(t, v)dv
€

st+e € s
1 a+e
B —f M(t, v)dv = M<(t, s),
€ &
we have from (1.7),

(1.11) lim lN,,(t, v)dv = (M9*(, s).

o0t oy
Therefore (1.6), (1.8), (1.9), (1.10), and (1.11) imply (1.5).

LeEMMA 4. Let M(t, s) be of B.V. on I%. Then if (b, 1) EI12, M(¢, 1) and
M(t, s) areof B.V. on I. Also M(t, s) is measurable on I?, M(t, t) is measurable
on I, and for almost every tE&1,
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(1.12) lim M(¢, s) = M(t, ¢).

st

Furthermore, if €>0 and M(t, s) is defined by (0.20), then there exists B <
independent of €>0 such that

(1.13) var M, s) < B.

(t,0)er

Proof. Let (1, s1) €I% Let (fo, so) EI* be such that M(¢, so) and M(¢, s)
are of B.V.on I and 0= - -+ Su. =<1 be a partition of I. Then

3 1 s ) = MCui, )

Tl

S 2 | M(usy s1) — M(tis, 51) — M (803, 50) + M, 50) |

tm]
+ 20 | M(us, 50) — M(tizs, 50) | -
$=1
Since the right hand side is bounded independent of the partition 0= %< -
Su.£1, M(¢t, s1) is of B.V. on I. Similarly, M(¢, s) is of B.V. on I.
Let (¢, s)CI*and {0t S - - - St.=¢t; 0S50S - - - Ssn<s} be a parti-
tion of [0, ¢]®[0, s]. Let
P(t,s) = sup 3 [M(ti, s;) — M(tiy, 55) — M(tiy 53=1) + M(tic, 5i-1)],
NG, s) = sup 2 { = [M(t, 55) — M(tims, 53) — M8, 5i=1) + M(tiz, 501},

where the sums are taken over the positive terms only and the suprema are
taken over all partitions of [0, t]® [0, s]. It is easy to see that

(1.14)  M(t,s) = P(t,s) — N(t, s) + M(0, s) + M(¢, 0) — M(0, 0)
and that if 0S4 =v=<1 and ¢{€I, then

(1.15) P(u,u) < P(v,v),
(1.16) P(t, ) = P(t,v), and
1.17) P(u, t) < P(v,¢).
We will show that P(¢, s) is measurable on I%. Let a>0. Then
o@t) = su?{s: P(t, 5) < a}, tel,
s€

is a monotone decreasing function because if ¢’ < ¢/ and ¢(t') <¢(t"'), then
there exists s/ such that ¢(¢') < s’ < ¢(#"’) and according to (1.17), P(¢, s”)
SP(t",s") <asothat ¢(#') =5, a contradiction. Therefore ¢(¢) is measurable
and its ordinate set

{(t, ) € I: P(t, 5) < a}
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is measurable for all real a. Therefore P(¢, s) is measurable on I3,

From (1.15) it follows that P(¢, t) is measurable on I. Similarly, N(¢, s)
is measurable on I? and N(¢, ¢) is measurable on I. Since M (¢, 0) and M(0, s)
are measurable on I, it follows from (1.14) that M (¢, s) is measurable on I?
and M(¢, t) is measurable on I.

Because of (1.15), P(¢, t) is continuous almost everywhere on I. Therefore,
from (1.16) and (1.17) it follows that for almost all tE1,

lim P(t, s) = P(s, t).

st
Similarly, for almost all t&1,
lim N(¢, s) = N(, t).

[
Since M(0, s) is of B.V. on I,
lim M(0,s) = M(0,¢)

st

for almost all t& 1. Therefore (1.12) follows from (1.14).
Let €>0 and define

1 .8t
P‘(t’ S) = "'"f P(t) v)dv) (t) S) en,
€ J,

1 ste
Nt ) = = f PG, v)do, s ED,

where P(¢, s)=P(t, 1) and N(¢, s)=N(¢, 1) if s>1. Then from (1.14),
M<(t, s) = Pe(t,s) — N<(t,s) + M0, s) + M, 0) — M(0, 0)

and

(1.18) var M(t,s) < var Pe«t,s)+ var N<(t,s).

toer t.)er’ woer
Let 0s¢'=t'<1and 0=’ <5 =1. Then
Pty ") — P, s"") — P(t", ") + P(¢, ")
= %f‘:'ﬂ [P, v) — P(t',v) — P(t",0— (s — §")) + P(t',v — (s — 5"))1dv
20
since
P, v) — P({',v) — P, o= (s" =)+ P{l,v—(s"—5s) 20

for all v, s’ Sv<s""+e€ as can be seen from the definition. It follows that
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var P«(t,s) = P<(1,1) — P«(1,0) — P<0,1) + P<0,0)
t.ner
S P(1,1) — P«(1,0)
1 1+e
<= P(1, 1)dv = P(1, 1)

=),
independent of €>0. Similarly,
var N(t,s) S N(1,1)

(t.)en
independent of €>0. Therefore (1.13) follows from (1.18).

LEMMA 5. Let M (¢, s) be of B.V. on I* and J(t) be of B.V. on I. Let M (¢, s),
Mt s), and (M)* (t, s) be defined by (0.7), (0.20), (0.21), and (0.22). Then

(1.19) lim D(M¢)* = D(M).

-0+

Proof. We will show that M(¢, s) is of B.V. on I2 Since M<(¢, 1) =0, t&1,
and M¢(0, s) is absolutely continuous on I, it follows from Lemma 4 that
M, s) is of B.V. on I2 Since J¢(t) is measurable, we conclude from Lemma
4 that (M9*(¢, s) is measurable on I? and (M¢)*(¢, s) is measurable on I.
Since M (¢, s) is bounded on I?, it follows that M(¢, s) is bounded independent
of €>0. Since J(f) is bounded, (M¢)*(¢, s) is bounded independent of ¢>0.
From Lemma 4 we know that M(¢, s) is of B.V. in s on I for all t€I. Therefore

lim Me(t, s) = M(¢, s)
«0t

almost everywhere on I2 From conclusion (1.12) of Lemma 4 it follows that

lim M<(, §) = M(, 0)
e—0+

almost everywhere on I. Since J(¢) is of B.V. we have

lim Je(t) = J(¥)
-0t

almost everywhere on I. Therefore
lim (M9*@t, s) = M(¢, s)
0%

almost everywhere on I? and
lim (M9)*@t, 1) = M, 1)
«—0*

almost everywhere on I. Therefore (1.19) follows from conclusion (1.1) of
Lemma 1.

2. Proof of Theorem C. We make the following manipulations so that we
can use Theorem B.
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folfo‘(M')*(u, s)dudx(s) =folj:)‘M‘(u, s)dudx(s) +fotf.tJ‘(u)dudx(s)
= fo 1 fo ¢ % f"‘“ M (u, v)dvdudx(s) — fo tx(s)d. f‘ ‘J‘(u)du

- fo ), -1— f - fo M, v)dudo + fo () ()ds

= f,,l[_ j;‘ %[M(u,s +¢ — M(u, s)]du:l x(s)ds + fo‘J‘(s)x(s)ds.

Now for fixed ¢>0,

(2.1)

1
- (M@, s + ¢ — M, 9)]

satisfies (0.12) and satisfies (0.14) because M (¢, s) is continuous on 0 <s < ®
for all t&1. Je«(t) satisfies (0.13). From Lemma 5 and condition (0.9) we
know there exists §; >0 such that for 0 <e<é;,

D((M)*(t, 5)) # 0.

Therefore, from (1.4) and conclusion (1.5) of Lemma 3, condition (0.15) of
Theorem B is satisfied when 0 <e<é;. Therefore we can write (0.17) with
H(t, s) replaced by —(M(t, s+¢€) —M(t, s))/e and J(¢) replaced by J«(¢) and
we have by (1.5), (0.17), and (2.1), if f(y) is measurable on C and 0 <e<3d;,

S roay = 1o@rran| [Tr(s0+ [ [ or9rw s
'exp{— j;l{fol[—% [M(t, s+ ¢ — M2, s)]:l x(s)ds +J‘(t)x(t)} 1!dt
- 2folfol— % (M, s + ¢ — M, s)]x(s)dsdx(t)

-f 1Je(t)d(x(z))2} dut

- 1 par| [“r(sr+ [ 1 [ “ 9, duds(s))

'exp{—fol{fol(M‘)*(t, s)dx(s)} 2dt— Zfol‘folM‘(t, s)dx(s)dx(£)

_ j; lJf(t)d(x(t))’} dut,



1961] LINEAR TRANSFORMATIONS OF WIENER INTEGRALS 471

provided either side exists. This proves Theorem C.
3. In this section we prove some lemmas which we use in letting e—0+.
LEMMA 6. Let N(¢, s) be measurable in t on I for every s I and let
IN(t,s)l < B<Lw
and
var N(t,s) < B < o,

s€l

where B is independent of (¢, s) EI%. Then if xEC,

fo 1 fo ‘N(u, s)dudx(s)
f‘le(u, s)dx(s)du
0 0

Proof. For every u &1, we have

exists and equals

for all tel.

lim i N(u, s)[2(ss) — x(s:-1)] = f lN (u, 5)dx(s)

norm P—0% u3
where P is the partition
O0=50= - Ssp=1.

From the hypothesis it follows that the limitand on the left is measurable
and bounded independent of the partition. Then from the bounded conver-

gence theorem, we have
1 t
f f N(u, s)dudx(s)
0 0

' f ‘ j; 1N(u, $)dx(s)du.

LEMMA 7. Let M(t, s) beof B.V.on I* and J(t) be of B.V. on I. Let (M<)*(t,
s) and M (t, s) be defined by (0.22) and (0.7) respectively. Then

exists and equals

/ W 5)dx)

converges in Hilbert norm on CQI to
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f lH’(t, $)dx(s)

as 0%,

Proof. By a theorem of [2] and Fubini’s theorem,

fc (foll(M‘)*(t, 5) — M(, s)]dx(s))zd,,(x ® 1)

1
1 1 1 — .
- 5 f [(M9*G, 5) — T, 9)]edsds

- 5 [ [0676.9 - 76, 91a6 .

The integrand on the right is bounded and tends to zero almost everywhere
on I? as € tends to 0* because for every t&1I, M(t, s) is a continuous function
of s almost everywhere on I. The conclusion follows by bounded conver-
gence.

LEMMA 8. Let M (¢, s) beof B.V.on I*, M(¢, 1) =M(1,8)=0,tE1,and x&C.
Then

1 1
f f M, s)dx(s)dx(?)
0 0
exists and equals

f x(t)x(s)dM (2, s).
12

Proof. We need to show that
1
f M, s)dx(s)
0

isof B.V.Let 0=5¢ < - - - <¢,=1 be a partition of I. Then M(¢, 1) =0, tE1,
and we have

:

(3.1) = }2_)

) Mty s)dx(s) — ) Mty 5)da(5)
0 [1)

[ "H()dMty ) — Mltios, 9]

< el 3 var [ $) — MG, 9)].

=1 2€I

M(t;, s) is of B.V. in son I for each =0, 1, - < - , n, by Lemma 4. Therefore,
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we can find 7 partitions {0<s®W< - - - <s¥<1}2, such that
var [M(t;, s) — M(ties, 5)]

sel
1 &, 5) ) 5 0)
< ~ + 2 | M@ysi ) — Moy si ) — M(tiy si21) = M(tio, si0) |

J=1
1=1,2,+-,n Then if 0550= - - - Ss»=1 is the union of the partitions
fossvg ... §5§2§1}?-1,

i var [M(t;, 5) — M(tizy, )]

im1 8€EI

3.2) =1+ i 2 Mty s) — Mt 5)) — M(tiy 55-1) + Moy, 55-1) |

fo=] jml

S 14 var M(,s).
(s,0)el

Now (3.1) and (3.2) show that [oM(¢, s)dx(s) is of B.V. Therefore
1 1
f f M, s)dx(s)dx(t)
0 0
exists.

Let ¢>0 be given. Since x&C and
var M(t, s) < o,
(1,9)eD
f 2(0)x(s)dM 1, 5)
I’
exists. Since M(1, s)=M(t, 1) =0,
3.3 t aM(t, s) = M, s)d(x(t .
(3.3) S 20s0a0,9 = [ 3106, 9002

Choose 6 such that if the partitions T, 0=f£= - - £t,=1, and S, 0=s,
< ... Ssa=1, have norm less than §, then

[ 6 9802
3.9 " o
= 3 5 M0 566 — sr-)a0) = st < 5
and

1 1 n 1 e
3.5) fo fo M, s)dx(s)dx(t) — Z M(t;, 5)dx(s) (x(t;) — x(te-l))| < 3

=190
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Let T be fixed with norm T <8. Choose 8’ such that if norm S <§’, then for
i=1)2""vn’

(3.6) f Mty )dx(s) — 3 M(ts 5)(a(s5) — x(sH»] <

=1

€
: nllell + 1
Let norm S <min($, 8’). Using (3.4)-(3.6) we obtain

<e

d —
J a0 = [ [ a6, a0

Since € is arbitrary, we have

fl . M(t, s)d(x(t)x(s)) = fo 1 j; lM (¢, s)dx(s)dx(t).

Therefore the conclusion follows from this and (3.3).

LEMMA 9. Let M(¢, s) be of B.V. on I* and M(t, 1)=M(, s)=0 and let
Mc(t, s) be defined as in (0.20). Then

l.ei_.g}. j; fo Mc<(t, s)dx(s)dx(t) = fo fo M, s)dx(s)dx(t)
over C.

Proof. Let N.(t, s) = M«(¢, s)—M(t, s). By Lemma 4, Nt s) is of B.V.
on I2. Also N(¢t, 1)=N(1, s)=0. By Lemma 8,

[j;lfolN.(t, s)dac(s)dx(t):l2 = [fl,x(‘)x(-?)dN,(t, s)]z

3.7) - [ #02(6)2020)aN 0, .G, 9
J o o

= [, FOHIW. 0, NG, )
rer

from the Fubini theorem. Also from the Fubini theorem,

[ ([ [ %6 9500509 e

@3.7) - f, o HOHHDZEAN L, DN, )

- f UG, s, 4, )d(Ne(x, DN, ),
res

where
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U@,s, u,v) = fwx(t)x(s)x(u)x(v)dx, @ s, uv)EI?Q I

The use of the Fubini theorem is justified since “lx]”‘ is integrable on C.
Since if 0=t <L <54,

fcwx(tl)x(tz)x(h)x(h)dwx =4 ( _‘23 n i_.) ’

U(t, s, u, v) is absolutely continuous on I?®1I2 Since U(t, s, %, v) is zero if
any argument is zero and N(¢, 1) and N(1, s) are zero, we have on integrating
by parts,

(3.s)f UG, s, u, v)d(N(, )N, ) = f N(t, )N (w, AU, 5, u, v).
rer rer

For every fixed t&1I, M(t, s) is continuous in s almost everywhere on I.
Therefore N(¢, s) converges almost everywhere to zero as e—0+. Since N.(¢, s)
is bounded on I? and U(¢, s, %, v) is absolutely continuous, the right hand side
of (3.8) tends to zero as e—0%, Using (3.7) the lemma is established.

LemMA 10. Let J(t) be of B.V. on I and J(1)=0. Let J<(t) be defined by
(0.21). Then

Lim. a0 = f F0da)? over C.

Proof. The proof is similar to the proof of Lemma 9. Let N.(£) = J<(t) — J ().
By using Lemma 8 and the Fubini theorem,

f:(j:)lNg(t)d(x(t))z)zdwx =f:(folfolNe(t)N.(s)d(x(t))’d(x(s))2)d,,,x

B fc"’ fp ((8)%())2d(N () N (5)) dux
- f; x(t, AN LNLS))

= fI ’ N()N(s)dx(t, s),

where x(¢, s) =fé(x(£)x(s))?dwx is absolutely continuous. The conclusion fol-
lows by bounded convergence since J() is bounded.

4. Proof of Theorem A. We assume condition (0.19) temporarily. Let
F(y) be bounded and continuous in the uniform topology and vanish if

lllslllz R
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From Lemmas 7, 9, and 10, there exists a sequence {e,} such that

lime =0
and
1 1_
4.1) lim (Me)*(t, s)dx(s) = f M(t, s)dx(s)
n— oo 0 0

almost everywhere on CQ®1I,

“4.2) lim f l f 1M‘”(t, 5)dx(s)dx(t) = f 1 f 1M(t, 5)dx(s)dx(t)
0 0 0 0

n— 0

almost everywhere on C, and

(4.3) lim lJ‘"(t)d(ac(t))2 = f 1J(t)d(x(t))2

n— 0

almost everywhere on C.
Consider

fo‘j;l(an)*(u, 5)dx(s)du _fotfolﬂ(“’ s)dx(s)du

1
éf
0

(4.4) ‘
du.

[ a2, axts) - f W, $)dx(s)

Since by Lemma 4

var M<t,s)
(t,8)en
is bounded independent of € and since M<(1, s) =0 and J«(¢) is bounded inde-
pendent of € and ¢,

vaf (M*(¢, s)

is bounded independent of ¢ and e. Therefore the integrand on the right of
(4.4) is bounded on I independent of ¢>0 for every x&C. By (4.1) this
integrand tends to zero as # tends to « for almost all # on I for almost all
xEC. It follows from (4.4), Lemma 6, and bounded convergence that

(4.5) lim fo l fo '(M‘")*(u, s)dudx(s) = fo l fo t]l_l(u, 5)dudx(s)

n— 0

uniformly in ¢ on I for almost all x&C.
From Lemma 4 it follows that
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f 1M (1, s)dx(s)
0

is bounded on I independent of € for every xE C. Since J*(¢) is bounded on I
independent of ¢, we have from (4.1) and bounded convergence,

(4.6) ,}l_.n.l, oll: j; 1(M"')"‘(t, s)dx(s)] 2dt = fo 1( j; lH(t, s)dx(s))zdt

for almost every x&C.
We will now show that there exists R; independent of 7 such that for
sufficiently large #, n> N,

F(x(-) + fo 1 fo © oy, s)dudx(s))

lll«ll 2 R.

vanishes if

From (1.19) of Lemma §,
4.7 lim D(M9* = D(M).
«—0*
From (0.9) there exists N such that if #> N, D(Me)* is bounded from zero.

We shall assume from now on that #> N. From [3] we know there exists the
Volterra reciprocal kernel ((Me)*)-1(t, s) such that

((Me)*)=2(t, 5) + (Me)*(t,5) = — j; ((Me)*)=2(E, u) (M)*(u, s)du
4.8) .
= = [ @, am,
and ((Me)*)~'(¢, s) is bounded on I® independent of n. From (4.8) and
Lemma 4, (1.13),
i:g (M=)*)=1(t, s)

< var (M=)*(t, ) + var f l((M “)*)1E, w) (M )*(u, s)du

4.9 1

< var (M=)*(¢, 5 [1 + sup | (M%) |]
sel tsenr
< B,

where B is independent of ¢ and #n. Therefore from (4.9) and Lemma 6 which
we use by virtue of (4.8) and (4.9), if |||y||| <R, then
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(4.10) m @) +j;1f0‘((M"')*)"(u, s)dudy(s)

< R[l + B+ sup | (M%), 1) | ] <R

which is bounded independent of #.
Consider

(4.11) y(8) = «(s) + j; fo (Me»)*(u, s)dudx(s).

Then by Lemma 6 and (4.8),

»() + f f (M), 5)dudy(s)

=0+ [ [ et + [ [ @ gas
en) ¥\ —1 dud‘ ' en) % X
+ f f (¥, ) f f (Mew)* v, 9)duwd(s)
@1 =o0+ [ [ 1004 ) + (@110, 9 lauds(s)
0 0
1 t 1

+ f f (3w, )du f (M) (s, )dz(a)ds

= x() + fo fo ‘[(M “)*(u, 1) + (M*)*)~}(u, v)dudx(v)

+ fo l fo t[ fo 1((zll‘")*)~l(u, s) (Men)*(s, v)ds] dudzx(v)

= ().
From (4.10)-(4.12) it follows that there exists R, independent of # such that if
| llllll > Ri,
then
x(f) + f l f ‘(M‘")*(u, s)dudx(s) ||| = R.
Therefore Y

P (s + [ : [ ® rya )duds(s))
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vanishes if |||x||| > Ru.
From Lemmas 4 and 8

folfolM “(t, s)dx(s)dx(t)

is bounded independent of # and xE& C as long as |||x||| <R:. Also
1
[ rewaewy
0

is bounded independent of # and x€ C as long as |||*||| <R: because
var J<(t)

el

is bounded independent of ¢>0. Because

F(x(-) + f 1 f ey, s)dudx(s))

vanishes if |||%||| = R: and is bounded and F(y) is continuous in the uniform
topology and because of (4.5), (4.6), (4.7), (4.2) and (4.3) we have, if (0.23)
holds in some range 0 <e <9, by bounded convergence,

fch(y)dwy = | D) | fch<x(-) +folfo(.)H(u, s)dudx(s))
(4.13) -exp{— fo ( fo 76, s)dx(s))zdt

-2 fo l fo 1M (t, s)dx(s)dx(t) — fo lJ(t)d(x(t))’} dox.

Therefore, under the hypothesis of Theorem A, the restrictions on F(y),
and condition (0.19), if (0.23) holds in a range 0 <e <34, then (4.13) holds. By
Lemmas 4 and 35, there exists 8; such that if 0 <7 <&, the hypothesis of Theo-
rem C is satisfied when M(¢, s) and J(¢) are replaced by M"(¢, s) and J(z)
respectively. Consequently there exists §;>0 such that (0.23) holds for
0<e<d; and 0<y <8, with M(¢, s) and J(¢) replaced by M*(¢, s) and J"(¢)
respectively so that (4.13) holds with M(¢, s) and J(¢) replaced by M(¢, s)
and J"(¢) respectively for 0 < <8, Therefore (4.13) holds. We may remove
condition (0.19) since the values of J(1), M(t, 1), and M(1, s) do not affect
the formula (4.13) provided the hypothesis of Theorem A still holds.

From (0.4), (0.5) and (0.6) it follows that

(4.14) L, s) = f‘ﬂ(u, s)du
0
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for all (¢, s) €I Therefore (0.10) follows from (4.13) when F(y) is continuous
in the uniform topology, is bounded, and vanishes outside a uniform sphere.
We can progressively enlarge the class of functionals for which (0.10) holds
to the class of all measurable functionals as done in [1, p. 215].

Since D(M)#0 there is a Volterra reciprocal kernel, M~!(¢, s), such that

M-(t,s) + M(t,s5) = — f lIf"(t, wM(u, s)du
(4.15) g
= — f M(t, w) M~ (u, s)du.

Proceeding very much as in (4.12) one can show with the aid of (4.15) and
(4.14) that the transformation (0.1) carries C onto C in a one to one manner.
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