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Introduction. Let C he the space of continuous functions x(í), Ogigl,

where x(0) =0. We consider one to one linear transformations of C onto C of

the form

(0.1) yit) = x(l) + f Lit, s)dx(s).
*7 o

N. Wiener [4] has given an integral on C. We obtain the transformation form-

ula for this integral under transformations of type (0.1). The transformations

of type (0.1) which we consider contain as a special case the transformations

considered by Cameron and Martin [l].

Let 7 be the interval [0, l] and 72 the square 7®7. If x£C, we define

|||g||| = max | x(0 | .

If Kit, s) is bounded and measurable on P and K(t, t) is measurable on 7, we

denote the Fredholm determinant of K(t, s) evaluated at X= — 1 by

00    1   /■ ' fl

(0.2)    DiK) = 1 + E-        •••
n-i n ! J o J o

A(5i, ii) • • • A(si, sn)

Kisn, Si)   ■   ■   ■ Kisn, S„)

dsi ■ • • ds»

We say that M(t, s) is of bounded variation (B.V.) on I2 if there exists

(to, So)EI2 such that Mito, s) and M(l, s0) are of B.V. on 7 and

var   Mit, 5) < oo.
0,»)er»

Here

var   Mit, s)

(0.3)    '-"-

= SUP E S I M(ti, h) - MiU, Sj-i) + Miti-i, Sj-i) - MiU-i, iy)
y-i 1-1
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where the supremum is taken over all partitions O^foíá ■ ■ • ètnèl and

O^soá • • • ^ímál of 7. The following theorem is the main result of this

paper.

Theorem A. Let L(t, s) satisfy the following conditions

(0.4) L(0,s) = 0,sEL
(0.5) L(t, s) is absolutely continuous in I on I for each sEI and there exist

M(t, s) and J(t) such that

d _
(0.6) — L(t, s) = M(t, s)

dt

for almost all t on I for all s El, where

(M(t, s), 0 = / < s S 1,

(0.7) M(t,s) =
1

M(t,s) + — I(t), Oaf-«SI,

M(t,s) +J(l), 0 = s < t g 1,

and where

(0.8) M(t, s) is of B.V. on P and J(t) is of B.V. on I. Also

(0.9) D(M) 9* 0.

Then the transformation (0.1) carries C onto C in a one to one manner and if

F(y) is a measurable functional such that either side of the following equation

exists, both sides exist and are equal.

(0.10)     f   F(y)dwy= \ D(M)\   f   F(x(-) + f L(-,s)dx(s))exp{ -*(x)}dwx
J c J c J 0

where

*(x) =  f        f M(t, s)dx(s)\ dt + 2 |     f M (t, s)dx(s)dx(t)

(0.11) +  f I(t)d(x(l))\
«7 o

=   I     I    {M(t,s) + M(s,t) + I   M(t,u)M(s,u)du}dx(s)dx(t).
J o    J 0 " 0

We prove Theorem A by starting with Theorem B, a theorem of Cameron

and Martin [l], which appears below in a slightly weaker form. From Theo-

rem B we develop Theorem C to obtain Theorem A.

Theorem B. Let H(t, s) be measurable on P and
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(0.12) war Hit, s) < B < »
tel

independent of s. A ssume also that

(0.13) /(/) is continuous and of B. V. on I,

(0.14) Hit, s) is continuous in s on I for every t El, and

(0.15) DiK)9^0 where

461

(0.16) Kit, s) =

I    77(w, s)du,
J o

f ' 1
I    Hiu,t)du-\-/(/),

«7 o 2

f H(u, s)du + Jis),
J o

0 g / < s g 1,

0 g t = s g 1,

0 g s <t g 1.

TTAß« if Fiy) is a measurable functional such that either side of the following

equation exists, both sides exist and are equal.

(0.17)

where

(0.18)

f Fiy)dwy= \DiK)\   f  7~(x(-) + f    f     Hiu,s)duxis)d
«7 „ »/<! J o J o

/(s)x(i)di) exp{ — ̂ f,*)}^*
o

$(*) =  f  | f 77(7, 5)x(j)¿j + 7(0x(/)|  dt

2 f   f Hit, s)xis)dsdxit) + f JiOdixit))2.
J 0   J 0 do

+

Theorem C. Let Mit, s) and Jit) satisfy (0.7)-(0.9), let Mit, s) be con-
tinuous in s on I for each i£7, and let

(0.19) 7(1) = Mit, 1) = Mil, 0 = 0, tEI.

Let e > 0 and define

(0.20) M'it, s) = — I      Mit, v)dv, it, s) £ I2,
« J.

where Mit, v)=0 for v>l;

i rl+t
(0.21) /<(/)=— I     Jiu)du, tEI,

6   J t

where J(u) = 0 for u>l; and
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(0.22)

D. A. WOODWARD

[M'(t, s),

(M')*(t, s) = M<(l,s) + -J<(t),

M'(t, s) + Jit),

[September

o s ( < i á i,

o s s -1 s i,

o s * < f á i.

PAe« í&ere exù/s ô > O 5WcA that if O < e < 8 and F (y) is a measurable functional

such that either side of the following equation exists, both sides exist and are equal.

/w nw       / /• 1    /■» (■) \

F(y)d„y = | D(M*)* | J    fIx(-) + J    J      (Mi)*(u, s)dudx(s)J

(0.23) •exp j-J*1   J\jf«)*(/, í)d«(í)] A

-2 j     f  M'(t, s)dx(s)dx(t) -  \    J'(t)d(x(t)y\dwx.
•7 o  «7 o «^ o /

1. In this section we give some lemmas used in the proof of Theorem C.

Lemma 1. Let Nf(t, s) be measurable on P and Nt(t, t) be measurable on I

for all €>0. Let Nc(t, s) be bounded on P independent of e>0. Let

lim Nt(t, s) = N(t, s)

almost everywhere on P and

almost everywhere on I. Then

(1.1)

lim N.(t, t) = N(t, t)

lim D(Ni) = D(N).

Proof. Let 77 >0 be given. By application of Hadamard's lemma [3], it

follows that there exists an integer K such that

K   1  r1 r1

D(Ni)-Z-,f   ■• f
n-o nlJ B «^0

independent of e>0 and

K   1  rl r1

D(N)-T,-J fn=o n\J 0 J 0

N,(si, si) ■ ■ ■ N,(si, sn)

N,(sn, si) • ■ • N,(sn, sn)

N(si, si) ■ ■ • N(Si, sn)

dsi • ■ • dsn
V

< —
3

dsi ■ ■ ■ dsn <

N(Sn, Si)   ■   •   •  N(S„, Sn)

It follows immediately from the hypothesis and bounded convergence that
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7V((ji, si) ■ ■ ■ N.isi, sn)

463

K       I     c1 fl

um z: - f     J
«->o+ M=i  «! «/ o «o

A«(íb> Ji) ■ • • A«(iB, iB)

A(íi, si) • ■ ■ Nisi, sn)

dsi • ■ • dsn

dsi ■ ■ ■ dsn.
K    1   r1 r1

= EA/ /n=i   n\J o •'O
A(í„, íi) • • • Nisn, sn)

Therefore there exists 5 > 0 such that 0 < € < 5 implies

| D(N.) - D(N) |   < v

This implies (1.1).

The following result was communicated to the author by R. H. Cameron.

Lemma 2. Let Nit, s) be bounded and measurable on I2. Then

(1.2) d( f Niu,s)dsj = d( f N(t,v)dvj.

Proof. A typical term from the expansion of a determinant in the expan-

sion (0.2) of D(f0N(u, s)du) can be written

/' 1 /» 1 m       n «j r> sm+1

• • ■   I   ¿ji • • ■ dsn n I    A(m,-, 5i)á«f I        N(um+i, sm+i)dum+i
o *7 o ,-=i «7 o *7 o

/» *n-l /» Sn

Niu„-i,sn)dun-i I     7V(m„, sm+i)¿«„
o «7 o

/» 1 /» 1 m       /» 1 /* 1

•   •   •      |     ¿Mi   •   •   • d«B H    I      7V(m,-, íijáji   I A(mb, i^l^i^-H
o «7 o ¿=i «7 M,- «7 «m+1

• I A(Mm+i, ím+2)¿5m+2 •  •  •    I     A(m„_i, iB)diB
■^ "m+J J «n

/» 1 /» 1 m       /■ 1 f* 1

•  •  •     I     ¿il •  •   • ¿JB II   I     A(Sf, Dí)¿D¿   I A(iB, lWn)*Wl
o «7 o i=i «7 *,- •/ ,m+1

• I       A(jm+i, vm+i)dvm+i • • •   I   A(iB_i, »B)¿»n
J «m+l ^ '»

/» 1 /• l m      /• 1 /» 1

•   •   •     |      ¿il   •   •   •  ¿in LT   I       Ar(í¿. "¿)¿P¿   I A(im+1, í)m+2)¿í'm+2
o «7o ¡-I" ti «7 tm+1

•   •   •      I      A(j»_l, !>B)¿l>B   j A(iB, Dm+l)¿

(1.3)

!>m+l

by use of the Fubini theorem, a change of dummy variables, and a change in
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the order of multiplication. The extreme right hand member of (1.3) is the

same corresponding term in the expansion of

d( j   N(l,v)dvj

as the extreme left hand member of (1.3) is in the expansion of

d( f N(u,s)du\

This establishes (1.2).

Lemma 3. Let M(t, s) be bounded and measurable on P and let J(t) be

bounded and measurable on I. Let J'(t), M'(t, s), and (Me)*(t, s) be defined as

in (0.20), (0.21) and (0.22) and

(1.4) Ke(t,s)

0 = t <s g 1,
/" 1

— [M(u, j + e)- M(u, s)]du,
o    «

/" 1 1
— [M(u, s + e) - M(u, s)]du + —J'(s), 0 á t - s á 1,

0     € 2

/" 1
— [M(u, s+e)- M(u, s)]du + J'(s),     0 g s < t = 1.

o    e

Then for all e>0,

(1-5)

Proof. Let

D(Ki) = D(M<y

N(t,s) = — [M(t,s + e) - M(t,s)],
e

0,

1

<Pr,(u)   =

1

(« + »7),

(u - rj),

v >o,

U ^  - 17,

-V S « S 0,

0 S « S 9,

M ^ i;,

and

#,(/, í) - - #(/, j) + <*>,(/ - í)/«(i).

Then the following two equations hold insofar as their right hand sides are

defined.
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r¡<t + v<s<l,

\   N,iu, s)du = - f N(u, s)du + J'(s)
«7 o «7 o

and

ri <t = s <1,

[1, 2r¡ < S + V < t < 1,

j   N„it, u)du = - j   Nit, u)du

+

0, 0<t<s-r¡<l-ri,

0 < t = s <1 -r¡,I        — it - u + ry)J'iu)du,
J t       v2

rt+i 1 c   l
I — it - u + ri)J'iu)du -   |      —(< — « — rj)J'(u)du,

J t V2 J t-ri V2

Since J'it) is continuous on 7, we have

(1.6)

and

lim   I   A,(m, í)¿m = - f A(m, s)dy + J'is)
i,-K»+   J o «7 0

0<í</-ij<1-2ií.

(0, 0 < t < s < 1,

1
— , 0 < 5 = t <  1,
2

1, 0 < i < t < 1,

= K.it, s)

il.7)        lim    j    NnQ,u)du= -  \  Nit,u)du + J'il)

f 0, 0 < / < 2 < 1,

1
— ,        0 < t = i < 1,
2

1, 0 < i < / < 1.

Since A,(í, s) is bounded and measurable on I2 for every »7>0, we use Lemma

2 to obtain

(1.8)

Since

d( j Nviu,s)du\ = d( J  A,0, v)dv\

lim
i*-•co-

exists almost everywhere on I2,

j Nnit, v)dv
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lim    I   Nv(t, v)dv
ij->0+ J t

exists almost everywhere on /,

J N,(t, v)dv

is measurable on P by the Fubini theorem in three dimensions,

J N„(t,v)dv

is measurable on 7" by the Fubini theorem, and

J Nn(t,v)dv

is bounded independent of 77 >0, we can use Lemma 1 to obtain

(1.9) lim d( T Nv(t,v)dv) = D[ Urn   f Nv(t,v)dv).
,^0+ \ J „ / \ ,-.0+   J , /

Similarly,

(1.10) lim d( j   Nv(u,s)du) = D[  lim   f Nv(u, s)du).
11—«0+        \J 0 I \ >i-»0+  J 0 I

Since

-  f N(t, v)dv = - f   — [jf(/, i> + e) - M(¿, z>)]<fo

r1 1 r1 1
= -  I      —- If (/, v)dv + I     —M(t,v)dv

J s+t   e J s     «

1    /*«+«
= — I       M(/, i>)<2» = Mit, s),

we have from (1.7),

(1.11) lim    f Nv(t, v)dv = (M')*(t, s).

Therefore (1.6), (1.8), (1.9), (1.10), and (1.11) imply (1.5).

Lemma 4. Let M(t, s) be of B.V. on P. Then if (h, si)EP, M(t, si) and
M(h, s) are of B. V. on I. Also M(t, s) is measurable on P, M(t, t) is measurable

on I, and for almost every tEL
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(1.12) lim Mit, s) = Mit, t).

Furthermore, if e>0 and M'(t, s) is defined by (0.20), then there exists B<<*>

independent of e > 0 such that

(1.13) var   M'it, s) < 73.
(f,«>er2

Proof. Let (h, si) El2. Let (i0, io)£72 be such that Mit, s0) and M (to, s)

are of B.V. on 7 and 0gM0g • • • gw„gl be a partition of 7. Then

n

X \M (ui, si) - M(uí-i, si) |
i—l

n

g 23 | M(uit si) — M(ui-i, si) — Miuit so) + M(«f_i, Jo) |

n

+ 2 I M(ui} so) - M(m,_i, Jo) I .
,-=i

Since the right hand side is bounded independent of the partition 0 g «o g ■ • •

gwBgl, Mit, si) is of B.V. on 7. Similarly, Mih, s) is of B.V. on I.

Let it, j)£72and {0g/0g ■ • ■ gf„g¿; 0gj0g • • • gjm<j} be a parti-

tion of [0, t]®[0, s]. Let

Pit, S) = SUp 2 [Mih, Si) - MiU-i, Jy)  - MiU, Jy-i) + MiU-i, Jy-i)],

Nit, S) = SUp £ { - [Af(í¿, Jy)  - MiU-i, Jy)  - MiU, iy_i) + J17(<,-_i, Jy-i)]} ,

where the sums are taken over the positive terms only and the suprema are

taken over all partitions of [0, t] ® [0, j]. It is easy to see that

(1.14) Mit, s) = Pit, s) - Nit, s) + MÍO, s) + Mit, 0) - Jf(0, 0)

and that if OgMgugl and /£7, then

(1.15) P(u, u) g P(o, v),

(1.16) Pit, m) g Pit,v), and

(1.17) Piu,t) úPiv,t).

We will show that Pit, s) is measurable on I2. Let a>0. Then

Pit) = sup{j:P(/, j) < a], tEI,
•er

is a monotone decreasing function because if t' < t" and <b(l') <<p(t"), then

there exists s" such that </>(0 < j"< <¡>it") and according to (1.17), Pit', s")

gP(/", j") <a so that p(t')^s", a contradiction. Therefore <pil) is measurable

and its ordinate set

{(/,j)£7':P(/,j) <a]
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is measurable for all real a. Therefore P(t, s) is measurable on P.

From (1.15) it follows that P(t, t) is measurable on I. Similarly, N(t, s)

is measurable on P and N(t, t) is measurable on I. Since M(t, 0) and M(0, s)

are measurable on I, it follows from (1.14) that M(t, s) is measurable on P

and M(t, t) is measurable on I.

Because of (1.15), P(t, t) is continuous almost everywhere on I. Therefore,

from (1.16) and (1.17) it follows that for almost all tEI,

lim P(t, s) = P(t, t).

Similarly, for almost all tEI,

lim N(t, s) = N(t, t).
t->t+

Since M(0, s) is of B.V. on I,

lim M(0, s) = M(0, t)

for almost all tEL Therefore (1.12) follows from (1.14).

Let €>0 and define

P'(t,s) = -f"p(t,v)dv, (t,s)EP,
e J,

N'(t,s)=-f"p(t,v)dv, (t,s)EP,

where P(t, s)=P(t, 1) and N(t, s)=N(t, 1) if *>1. Then from (1.14),

M'(t, s) = Pit, s) - Nil, s) + M'(0, s) + M(t, 0) - M(0, 0)

and

(1.18) var   Mit,s) <   var   P'(t, s) +   var   N'(t, s).
(M)6J* («.«jer5 (í.Oeí1

LetO=Ygi" = l and 0=Y = s" = l. Then

P'(t", s") - Pit', s") - P'(t", s') + P'(l', s')

= —(     W'. v) - P(t', v) - P(t", v - (s" - s')) + P(t', v - (s" - s'))\dv

è 0

since

P(t", v) - P(t', v) - P(t", v - (s" - s')) + P(t', v - (s" - s')) = 0

for all v, s"¿v^s" + e as can be seen from the definition. It follows that
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var   Pit, s) = P'(i, 1) - P«(l, 0) - P'(0, 1) + P«(0, 0)
(M)er*

= P«(l, 1) - P«(l, 0)

i r1+'
= - P(l, l)dv = P(l, 1)

€   J l

independent of e>0. Similarly,

var   N(t, s) = N(l, 1)

independent of «>0. Therefore (1.13) follows from (1.18).

Lemma 5. Let M(t, s) be of B. V. on P and J(t) be of B. V. on I. Let M(t, s),

M'(t, s), and (M')* (t, s) be defined by (0.7), (0.20), (0.21), and (0.22). Then

(1.19) lim D(M')* = D(M).
«->o+

Proof. We will show that M'(t, s) is of B.V. on P. Since Mit, 1) =0, tEI,

and Ml(0, s) is absolutely continuous on I, it follows from Lemma 4 that

Mit, s) is of B.V. on P. Since J'(t) is measurable, we conclude from Lemma

4 that (M')*(t, s) is measurable on P and (M')*(t, s) is measurable on I.

Since M(t, s) is bounded on P, it follows that M'(t, s) is bounded independent

of e>0. Since J(t) is bounded, (M')*(t, s) is bounded independent of €>0.

From Lemma 4 we know that M(t, s) is of B.V. in 5 on I lor all tEL Therefore

lim M'(t, s) = M(t, s)
«-»o+

almost everywhere on P. From conclusion (1.12) of Lemma 4 it follows that

lim M'(t, t) = M(t, t)
«-K)+

almost everywhere on I. Since /(/) is of B.V. we have

lim J'(t) = J(t)
«-.0+

almost everywhere on I. Therefore

lim (M')*(t, s) = M(t, s)
•->o+

almost everywhere on P and

lim (M<)*(t, t) = M(t, t)

almost everywhere on I. Therefore (1.19) follows from conclusion (1.1) of

Lemma 1.

2. Proof of Theorem C. We make the following manipulations so that we

can use Theorem B.
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I    iM')*(u, s)dudxis) =  I     I   M'iu, s)dudxis) + J     I   7'(m)¿m¿x(j)
o«7o "7 o  " o «7o«7«

/• 1    /* Í     1       /» *+e /» f /» Í

I     — I      M(m, v)dvdudxis) —  I   x(í)¿, I   7'(m)¿m
o d 0    e d , «7 o »7«

/> i 1    /* '"*"'  í* ' /* 'x(j)¿, — I        I   Af (m, »)¿m¿» + I   x(j)7e(j)¿j
o 6«7j«7o «7o

=  f   [-  f   —[M(u,s + e)-M(u,s)]du\x(s)ds+ f 7í(j)x(j)¿j.
»i  L    »i     f J «7 o

Now for fixed e>0,

- - [Mit, s + e) - Mit, s)]
e

satisfies (0.12) and satisfies (0.14) because il7(/, j) is continuous on0<s<»

for all f£7. J'(t) satisfies (0.13). From Lemma 5 and condition (0.9) we

know there exists 5i>0 such that for 0<e<5i,

D((M')*(t, s)) * 0.

Therefore, from (1.4) and conclusion (1,5) of Lemma 3, condition (0.15) of

Theorem B is satisfied when 0<e<5i. Therefore we can write (0.17) with

77(i, j) replaced by — (Af(r, j+e) — M(/, j))/e and 7(7) replaced by J'it) and

we have by (1.5), (0.17), and (2.1), if/(y) is measurable on C and 0<e<5i,

/w nw       / /• 1    /• (•) \

Fiy)dwy = | D«M')*it, s))\ J    F ( xi ■ ) + j    J       (M')*(u, s)dudxis) )

•expj-J*   if  [-—[M(t,s + t)-M(t,s)]'\x(s)ds + J'(t)x(t)\

-2\     f-[Mit, s + e) - Mit, s)]xis)dsdxit)
•7 o «7 o        *

- j J<it)dixit))2\dwx

= \D(M')*\   f  f(x(-)+ f    f   (If«)*(«, s)dudxis) j

•expj- f  { j   (¡p)*(t,s)dx(s)\ dt-2 f   f M*(t, s)dx(s)dx(t)

- j J<it)dixit))2\dwx,

2

dt
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provided either side exists. This proves Theorem C.

3. In this section we prove some lemmas which we use in letting e—»0+.

Lemma 6. Let N(t, s) be measurable in t on I for every sEI and let

| N(t, s)\   < B < oo

and

var N(t, s) < B < °o,
«el

where B is independent of (t, s)EP- Then if xEC,

/J   N(u, s)dudx(s)
o «7 o

exists and equals

/I   N(u, s)dx(s)du
o  «7 o

for all tEL

Proof. For every uEI, we have

n /• I

lim     22 N(u, si)[x(si) — x(si-i)] =  I   N(u, s)dx(s)
norm P->o+   ¿=,i J o

where P is the partition

0 = So Ú  • • • Û Sn - 1.

From the hypothesis it follows that the limitand on the left is measurable

and bounded independent of the partition. Then from the bounded conver-

gence theorem, we have

/(   N(u, s)dudx(s)
o^o

exists and equals

/I   N(u, s)dx(s)du.
o  -I 0

Lemma 7. Let M(t, s) be of B. V. on P and J(t) be of B. V. on I. Let (M')*(t,
s) and M(t, s) be defined by (0.22) and (0.7) respectively. Then

f\M')*(t,s)dx(s)

converges in Hilbert norm on C®I to
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/M(t, s)dx
o

M
J o

as e->0+.

Proof. By a theorem of [2] and Fubini's theorem,

f "   ( f  [(M')*(t,s) - M(t,s)]dx(s)) d„(x ® t)

=   C ^-f\(M')*(t,s)-M(t,s)]'dsdt

= - f [(M')*(t, s) - M(l, s)]*d(s ® t).
2 J i*

The integrand on the right is bounded and tends to zero almost everywhere

on P as e tends to 0+ because for every tEI, M(t, s) is a continuous function

of s almost everywhere on I. The conclusion follows by bounded conver-

gence.

Lemma 8. Let M(t, s) be ofB. 7. on P, M(t, 1) = M(l, t)=0, tEI, and xEC
Then

i f i

f    f M(t, s)dx(s)dx(t)
•I o   ^0

exists and equals

j   x(t)x(. s)dM(l, s).

Proof. We need to show that

/M(t, s)dx(s)
n

is of B.V. Let 0uto Ú • • • átnè 1 be a partition of I. Then M(t, 1) = 0, tEI,
and we have

» i  /» i « i
£   I   M (ti, s)dx(s) -  I   M (ti-i, s)dx(s)
i-iKo J 0

(3.1)       = ¿ i r *w4tf &, *) - ^c.--i, *)i
,-11J 0

= III« III Ê var [M(*f) s) - M(U-i, s)\.
,-i «el

Af(i<, s) is of B.V. in 5 on 7 for each i = 0, 1, m, by Lemma 4. Therefore,
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we can find n partitions {Ogj(i)g • • ■ gi^gl}?_! such that

var [M(li, s) — MiU-i, j)]
«er

< — + £ | MiU, sf) - M(/,-_!, i}0) - MiU, s^i) - MiU-i, s™i) | ,
«        y=i

i=l, 2, • • ■ , n. Then if 0gi0g • • • gimgl is the union of the partitions

{Ogj<''g ■ ■ ■ g<gl}?.i,

n

£ var [MiU, s) - MiU-i, s)]
»-1   »61

n      m

(3.2) g 1 + Z Z I MiU, Jy) - MiU-i, s3) - MiU, Jy-,) + M(ti-U Jy-i) |
,=i y-i

g 1 +   var   Mit, s).

Now (3.1) and (3.2) show that /¿M(í, s)¿x(j) is of B.V. Therefore

f    f M it, s)dxis)dxit)
do     dû

exists.

Let e>0 be given. Since x£C and

var  ilf it, s) < oo,

I   xit)xis)dMil, s)

exists. Since M(l, s) = M(t, 1)=0,

(3.3) f xit)xis)dMit, s) = f Mit, j)¿(x(¿)x(j)).
J j» J j»

Choose S such that if the partitions T, 0 = /og • ■ • gin=l, and 5, 0 = Jo

g • • • g sm = 1, have norm less than Ô, then

(3.4)

/Mit, j)¿(x
i'

(t)x(s))

"LE MiU, Jy)(x(jy) - X(jy_i)) (*(/,) - x(/,_!))
i-1 j-1

and

< —
3

(3.5) I f l f1Mit,s)dxis)dxit) - ¿ flMiU,s)dxis)ixiU) - *(/,_!))
I «7 o  «7 o »-1 «7 o

e
< —

3
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on \\\x\\\ + 1

< t.

Let T be fixed with norm T<8. Choose 8' such that if norm 5<5', then for

i=l, 2, ■ ■ ■ , n,

If 1 m
I    M(t{, s)dx(s) - X) M(U, Sj)(x(Sj) - x(sj-i))

J 0 j-1

Let norm 5<min(5, 5'). Using (3.4)-(3.6) we obtain

f M(t, s)d(x(t)x(s)) - \     i  M(t, s)dx(s)dx(t)
IJ i* <J o  " o

Since € is arbitrary, we have

/M(t,s)d(x(t)x(s)) =  j     j   M(t, s)dx(s)dx(t).
i' J o J o

Therefore the conclusion follows from this and (3.3).

Lemma 9. Let M(t, s) be of B.V. on P and M(t, 1) = 717(1, s)=0 and let

Mit, s) be defined as in (0.20). Then

l.i.m.   I     I   M'(t, s)dx(s)dx(t) =  I     I    M(l, s)dx(s)dx(t)
«-»0+   J o J o «7o*'o

over C.

Proof. Let Nc(t, s) = M'(t, s)-M(t, s). By Lemma 4, Nf(t, s) is of B.V.

on P. Also iV€(i, 1) = JV,(1, 5) =0. By Lemma 8,

J     j    Nt(t,s)dx(s)dx(t)      =      \   x(t)x(s)dNt(t, s)

(3.7) = J    [ x(t)x(s)x(u)x(v)dNt(t, s)dNt(u, v)

=    f *(¿)x(5)x(M)x(fl)d(./Ve(M, ^iV«^, 5))

from the Fubini theorem. Also from the Fubini theorem,

/w//»l/»l \2

Ml   N,(t, s)dx(s)dx(t)J dwx

(3.7) =  I     \        x(t)x(s)x(u)x(v)d(N,(u,v)Nt(t,s))dwx
Je  Jp®j»

=  j        U(t,s,u,v)d(Nt(u,v)Nt(t,s)),
J i'®i*

where
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x(0x(j)*(m)x(í))¿X, (/, J, M, v) E I2 ® I2-

The use of the Fubini theorem is justified since ||[x|||4 is integrable on C.

Since if 0 g/i g ¿2 g ¿3 g ¿4,

/(h      h\xiti)x(ti)xiti)xiti)dwx = tí f-1-1 ,

U(t, s, u, v) is absolutely continuous on I2®I2. Since U(t, s, u, v) is zero if

any argument is zero and 7V,(f, 1) and 7Vt(l, j) are zero, we have on integrating

by parts,

(3.8)    f       Uit, s, u, v)diNt(u, v)N(it, *)) =  f      N,(t, s)Nt(u, v)dU(i, s, u, v).

For every fixed /£7, Mit, s) is continuous in j almost everywhere on 7.

Therefore A4(/, j) converges almost everywhere to zero as t—>0+. Since Ae(i, j)

is bounded on I2 and Uit, s, u, v) is absolutely continuous, the right hand side

of (3.8) tends to zero as €—>0+. Using (3.7) the lemma is established.

Lemma 10. Let J(t) be of B.V. on I and 7(1) =0. Let J'it) be defined by
(0.21). Then

l.i.m.   f J'it)dixit))2 =  f 7(/)¿(x(/))2 over C.
«-K)+    «7 o J 0

Proof. The proof is similar to the proof of Lemma 9. Let NÁJ) = J'it) — Jit).

By using Lemma 8 and the Fubini theorem,

f*w/    /» 1 \2 /» v, /    /• 1    /• 1 \

J    N   NMdixit))2) dwx = J    IJ    J    Neit)N,is)dixit))2dixis))2\dwx

=  f    f ixit)xis))2diNtit)Ntis))dwx
«7 c J i*

- f x(t, s)d(N.(t)N.(s))

,is)dxit, s),ftN.(t)N.(

where x(t, j) =/c(x(/)x(j))2¿„x is absolutely continuous. The conclusion fol-

lows by bounded convergence since 7(i) is bounded.

4. Proof of Theorem A. We assume condition (0.19) temporarily. Let

F(y) be bounded and continuous in the uniform topology and vanish if

\b\\\=R-
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From Lemmas 7, 9, and 10, there exists a sequence {e„} such that

lim e„ = 0
n—♦»

and

(4.1) lim   f (M">)*(t,s)dx(s) =  \   M(t, s)dx(s)
n -* x   J o J o

almost everywhere on C®I,

■ i  /» i
(4.2) lim   f    f M'"(l, s)dx(s)dx(t) =  f    f M(t, s)dx(s)dx(i)

almost everywhere on C, and

(4.3) lim    f J'"(t)d(x(t)y =  f J(t)d(x(t)Y
n->«   •/ o «7 0

almost everywhere on C.

Consider

f    I    (Jf«")*(«, s)dx(s)du -  \     \  M(u,s)dx(s)du\
l«7o"7o «7 o  «7 o

â  j       f  (M'»)*(n, i)d*(s) -  j    Ü7(m, í)áx(s)
«7 o  I «7 o «7 o

Since by Lemma 4

var   il7e(/, s)
(«,»)ei»

is bounded independent of e and since i7'(l, 5) =0 and J'(t) is bounded inde-

pendent of e and t,

var (Ü7')*(/, 5)
»6/

is bounded independent of t and e. Therefore the integrand on the right of

(4.4) is bounded on 7 independent of e>0 for every xEC. By (4.1) this

integrand tends to zero as n tends to 00 for almost all m on 7 for almost all

xEC. It follows from (4.4), Lemma 6, and bounded convergence that

/> 1    /• t n 1     n t

\   (Jf«»)*(«, s)dudx(s) =  j     I   M(u, s)dudx(s)
0 J 0 «7 0  «7 0

uniformly in t on 7 for almost all xEC.

From Lemma 4 it follows that
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j    M'it,s)dxis)
do

is bounded on 7 independent of e for every x£C Since J'it) is bounded on 7

independent of e, we have from (4.1) and bounded convergence,

(4.6) lim   f       f (M")*it, j)¿x(j)1 dt=  f  ( f Mit,s)dxis))dl
n->»  i/o   L>'l| J «7o\«7o /

for almost every x£C.

We will now show that there exists A\ independent of n such that for

sufficiently large n, n>N,

F(xi-)+f    f     iM'»)*iu, j)¿m¿x(s) J

vanishes if

111*111=7*1-
From (1.19) of Lemma 5,

(4.7) lim DiM')* = DCS).

From (0.9) there exists N such that if n>N, DiM")* is bounded from zero.

We shall assume from now on that n>N. From [3] we know there exists the

Volterra reciprocal kernel ((M<n)*)-1(¿, s) such that

HM'")*)~1it,s) + iM'«)*it,s) = - f ((¥'»)*)->((, u)(M«)*(u, s)du
J 0

(4.8)

= - f iM'")it,u)iiM'»)*)-\u,s)du,
J o

and ((717<n)*)_1(i, j) is bounded on 72 independent of n. From (4.8) and

Lemma 4, (1.13),

(4.9)

»6/

< var
tel

var (jlf4»)*)-1^, j)

r (ilf*)*(<, j) + var   f UM'*)*)'1 it, m)(Mí»)*(m, s)du
i sel J o

< var (M*)*(t, s) \í +   sup   | HM'-)*)-\t, s) \\

<B,

where B is independent of t and n. Therefore from (4.9) and Lemma 6 which

we use by virtue of (4.8) and (4.9), if |||y||| <R, then
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y(t) + f    f ((M'»)*)-iu, s)dudy(s)
J o •' o

=■ R Tl + B + sup | ((M<»)*)-H, 1) | 1 < Pi

which is bounded independent of n.

Consider

(4.11) y(t) = x(t) +  f    j    (M'")*(u,s)dudx(s).
•7 o  «7 o

Then by Lemma 6 and (4.8),

y(t) + f    f ((M'»)*)-iu, s)dudy(s)

/► 1     /» t r»  1      r* t

I   (If -)*(«, s)dudx(s) + I     I   ((Jf-)*)-1(«,i)d«d«(j)
0^0 •/ 0   *^ 0

/» 1    /» Í /• 1    /• *
I   ((üf •»)*)-1(«, í)¿«¿. I     I   (If-)*(w, v)dwdx(v)

o  «7 o J o J o

(4.12) = x(/) + f    f [(If *)*(«, s) + ((Af*)*)-^«, s)]á«dx(í)
«7 o  «7 o

+ r r ((Af«-)*)-^«, í)á» r (#*)*(*, »)<**(»)<*«
•7 o  «7 o «7 o

= *(/) + f    f  [(Af»)*(«, ») + ((Af*)*)-^«, v)dudx(v)
Jo Jo

+ f    f      j    ((M<»)*)-iu, s)(M'")*(s, v)ds\dudx(v)

= x(t).

From (4.10)-(4.12) it follows that there exists Pi independent of n such that if

111*111 > *,
then

Therefore

I *® + I  I  (Men)*(M' *)<****(*) III = R-

f(x(-)+ f   f    (M*)*(«, j)d«áx(i)^
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vanishes if 11 |x| 11 > Ri.
From Lemmas 4 and 8

f!
1

M'"it, s)dxis)dxit)

is bounded independent of n and x£Cas long as |||x||| <A\. Also

i

J'-it)dixit))2
:

is bounded independent of n and x£C as long as |||x||| <7?i because

var J'(t)
tel

is bounded independent of e>0. Because

(•) \

(*()+X7.'iM")*(u, j)¿m¿x(j)

vanishes if |||x||| ï;7?i and is bounded and F(y) is continuous in the uniform

topology and because of (4.5), (4.6), (4.7), (4.2) and (4.3) we have, if (0.23)

holds in some range 0<e<5, by bounded convergence,

J    Fiy)dwy =  | DiM) |   I    Fixi-)+j     I      Jlf(m, j)¿m¿x(j) j

(4.13) exp| - f   ( f Mit,s)dxis)\ dl

-2)f Mil,s)dxis)dxit) - f Jit)dixit))2\dwx.
•7 o  «7 o «7 o /

Therefore, under the hypothesis of Theorem A, the restrictions on F(y),

and condition (0.19), if (0.23) holds in a range 0<e<5, then (4.13) holds. By

Lemmas 4 and 5, there exists 52 such that if 0 <v <52 the hypothesis of Theo-

rem C is satisfied when Mit, s) and Jit) are replaced by M"(i, s) and 7"(i)

respectively. Consequently there exists S3>0 such that (0.23) holds for

0<€<ô3 and 0<77<52 with il7(i, j) and 7(<) replaced by Af'(i, j) and 7"(i)

respectively so that (4.13) holds with Mit, s) and Jit) replaced by M"(i, j)

and J"it) respectively for 0<r?<52. Therefore (4.13) holds. We may remove

condition (0.19) since the values of 7(1), M(t, 1), and M(l, j) do not affect

the formula (4.13) provided the hypothesis of Theorem A still holds.

From (0.4), (0.5) and (0.6) it follows that

(4.14) Lit, s) =  f M(u,s)du
do
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for all (t, s) EP. Therefore (0.10) follows from (4.13) when F(y) is continuous

in the uniform topology, is bounded, and vanishes outside a uniform sphere.

We can progressively enlarge the class of functionals for which (0.10) holds

to the class of all measurable functionals as done in [l, p. 215].

Since D(M)9^0 there is a Volterra reciprocal kernel, M~l(t, s), such that

M~it, s) + M(t, s) = -  f M~l(t, u)M(u, s)du
J 0

(4.15)

= —  I   M(t, u)M~l(u, s)du.
J o

Proceeding very much as in (4.12) one can show with the aid of (4.15) and

(4.14) that the transformation (0.1) carries C onto C in a one to one manner.
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